The principal domain of the trispectrum for a continuous-time, bandlimited process with unit bandwidth in normalized frequency units. This is also the principal domain of the discrete-time trispectrum with no trispectral aliasing. 19
A General Procedure for the Derivation of Principal Domains of Higher-Order Spectra
Introduction
The primary purpose of this study is to provide a general procedure for deriving the principal domains (i.e. nonredundant regions) of higher-order spectra and use it to derive the nonredundant region of computation of the trispectrum. Higher-order spectra or polyspectra were introduced for studying nonlinearities and deviations from Gaussianity in stationary random processes. They are de ned as the Fourier transforms of higher-order moments or cumulants of a random process. The idea of a spectral representation for higher-order moments of a time series appears in 1], and was further developed in 2]. A spectral representation for cumulants (attributed to Kolmogorov) appears in 2]. Higher order spectra are derived from rst principles in 3], 4]. For a single time series, the rst higher-order spectrum is the (auto) power spectrum. The 2nd and 3rd higher-order spectra are the (auto) bispectrum and the (auto) trispectrum, and are de ned as the Fourier transforms of the 3rd and 4th cumulants, respectively. Although cross higher-order spectra can be de ned for multiple time series, the present study is restricted to a single time series and the pre x auto will be dropped. Further, it is not necessary to de ne higher-order spectra in terms of cumulants here. Instead, an alternative form involving products of Fourier coe cients of realizations of a random process will be used. This form can be derived from the cumulant based de nition using Stieljes Integrals 4]. 
The bispectrum has been used in many applications including the study of quadratic interactions, signal reconstruction, system identi cation and pattern recognition 7]. The trispectrum 4], 6], 8]-11] has not enjoyed the same popularity as the bispectrum, partially because of the increased complexity in its computation and interpretation. Dalle Molle and Hinich 10] discuss part of the principal domain of the trispectrum. A procedure for the derivation of the complete principal domain is described in Section 2, and applied to the trispectrum in Section 3.
The Procedure
Let f denote the frequency normalized by the Nyquist frequency, such that 0 f 1. If x t] is a real-valued time series, then the Fourier transform, X (f), is conjugate symmetric, and hence X (f) = X (?f). The bispectrum, B(f 1 ; f 2 ), is then also given by
The trispectrum or any other higher-order spectrum can also be expressed as the expected value of a product as in equation 3. The bispectrum (or other higher-order spectrum) possesses redundancy in bifrequency (or polyfrequency) space arising from 1. the interchangeability of any pair of frequencies in its de niton (equation 1), 2. redundancy of the negative half of some of the frequency axes owing to the conjugate symmetry property , and 3. periodicity of the Fourier transform at intervals of the sampling frequency for discrete-time processes. This redundancy can be systematically exploited and eliminated to derive the principal domain or nonredundant region of computation of the bispectrum (or other higherorder spectrum). Thus, B(f 1 ; f 2 ) need only be computed for a subset (derived here to illustrate the procedure) of all possible values of bifrequency (f 1 ; f 2 ). Property 2 must be exploited carefully because the redundancy involved is di erent for the trispectrum and other higher-order spectra than it is for the bispectrum, as will be evident in the next section. A systematic exploitation of this property consists of partitioning the k-frequency space into 2 k+1 ? 2 subsets depending on the signs of the frequencies f 1 ; f 2 ; ::::; f k and the sum frequency f 1 + f 2 + :::: + f k , grouping together all subsets that map into each other upon conjugate symmetric transformations, and including only one subset from each group in the non-redundant region. Thus, for the bispectrum, bifrequency space can be partitioned into the 6 subsets, that (using the interchangeability property) can be can be rewritten as 2c is (k; 1), and so on. Those subsets that are assigned the same number pair will map into each other upon interchange of frequencies. In particular, S k 2c will map to S k 2a , S k 2e will map to S k 2b , S k 2g will map to S k 2d , etc. Thus, all the subsets with f s < 0 can be eliminated. Further, (r; l) maps into (l; r) upon conjugation. This reduces the number of subsets that enter into the principal domain to d k 2 e for the k-th order polyspectrum. This formula yields only 1 region for the bispectrum (as is well known), but 2 regions for the trispectrum and 4-th order polyspectrum, 3 regions for the 5th-and 6th-order polyspectra, etc. Of these, S k 2a will reduce to a sum interaction region, and the others will reduce to di erence interaction regions for k 3.
Thus, only subset S 2 2a need be retained for the bispectrum. Combining the two properties, the principal domain of computation of the bispectrum of a continuous process is given by S 2 1 \ S 2 2a . This is the wedge shaped region shown in Fig. 3 . For the k-th order polyspectrum, there will be a similar wedge shaped sum interaction region. of symmetry will also be periodic at intervals of 2 units in normalized frequency. The bispectrum then need only be computed for the subset S 2 3 = f1 f 1 f 2 ?1g \ f2 2f 1 + f 2 0g; (6) which is shown shaded in Fig. 4 . The interchangeability property has also been utilized in equation 6 to order the frequencies. This subset for the k-th order polyspectrum would be S k 3 = f1 f 1 f 2 :::: f k ?1g \ f2 2f 1 + f 2 + :::: + f k 0g: (7) Combining all three properties, the principal domain of the bispectrum for a discretetime process is given by S 2 1 \ S 2 2a \ S 2 3 , which is the triangular region shown in Fig. 5 .
For a continuous-time bandlimited process with unit bandwidth in normalized frequency, or for a discrete-time process when there is no polyspectral aliasing 4], the subset S 3 comprises a smaller region given by S 2 3IT = f1 f 1 f 2 ?1g \ f1 f 1 + f 2 ?1g: (8) For the k-th order polyspectrum this subset is given by S k 3IT = f1 f 1 f 2 :::: f k ?1g \ f1 f 1 + f 2 + :: + f k ?1g: (9) The principal domain of the bispectrum for a continuous-time bandlimited process with unit bandwidth in normalized frequency or for a discrete-time process with no polyspectral aliasing is given by the shaded triangular region shown in Fig. 6 . The di erence between the two shaded triangular regions in Figs. 5 and 6 is known as the outer triangle or OT region 7], and it has its k-dimensional counterpart for the k-th order polyspectrum.
Principal Domain of the Trispectrum
The procedure described above is now applied to the trispectrum. Using the interchangeability of frequencies, the planes of symmetry of the trispectrum are f 1 = f 2 ; f 2 = f 3 ; f 1 = f 3 ; 2f 1 + f 2 + f 3 = 0; f 1 + 2f 2 + f 3 = 0; and f 1 + f 2 + 2f 3 = 0. The principal domain must therfore be contained in where f s = f 1 + f 2 + f 3 . Denoting subsets S 3 2a through S 3 2f by integer pairs (as explained above), they are found to be (3; 1), (2; 2), (3; 1), (1; 3), (2; 2), and (1; 3), respectively. After eliminating identical and commuted pairs, only subsets S 3 2a and S 3 2b remain for inclusion in the principal domain.
Combining the two properties, the principal domain of the trispectrum for a continuous process is given by S 3 1 \ (S 3 2a S 3 2b ). The contribution from S 3 2b is a di erence interaction region which does not reduce to cubic sum interactions. This is a signi cant di erence between the principal domains of the bispectrum and the trispectrum.
For a discrete-time process, using the periodicity property, the trispectrum need only be computed in the subset 
where the constraint f 1 +f 2 +f 3 0 is ignored because it is dominated by the stronger constraint f 1 + f 2 + 2f 3 0 when f 3 is negative. This is a polyhedron with vertices (found by solving equalities simultaneously in the de ning relations for T 2 ) at (0,0,0), (1,0,0), (2/3,2/3,0), (1,0,-1/2) and (1,1,-1) as shown in Fig. 8 . This region has not been reported previously.
For a continuous-time bandlimited process with unit bandwidth in normalized frequency, or for a discrete-time process with no trispectral aliasing, the subset S 3 3 comprises a smaller region given by S 3IT = f1 f 1 f 2 f 3 ?1g \ f1 f 1 + f 2 + f 3 ?1g: (14) Thus, the principal domain of the trispectrum for a continuous-time bandlimited process with unit bandwidth in normalized frequency or for a discrete-time process with no trispectral aliasing, consists of smaller regions as shown in Fig. 9 . These regions are and so on. These regions may be combined into one as done for the trispectrum in Fig. 9 .
Conclusions
A procedure applicable to all higher-order spectra was used to derive the non-redundant region of computation of the trispectrum. This region di ers from that derived by a direct extension of the principal domain of the bispectrum to three dimensions. The subsets into which bifrequency space is partitioned to exploit the redundancy arising from the conjugate symmetry property. The principal domain of the bispectrum must be contained in the shaded subset because all other subsets map into this subset.
